We introduce a general mathematical model of symbiosis between different entities by taking into account the influence of each species on the carrying capacities of the others. The modeled entities can pertain to biological and ecological societies or to social, economic and financial societies. Our model includes three basic types: symbiosis with direct mutual interactions, symbiosis with asymmetric interactions, and symbiosis without direct interactions. In all cases, we provide a complete classification of all admissible dynamical regimes. The proposed model of symbiosis turned out to be very rich, as it exhibits four qualitatively different regimes: convergence to stationary states, unbounded exponential growth, finite-time singularity, and finite-time death or extinction of species.
Introduction 2 General Model of Symbiosis
Interactions between different co-existing species are usually modeled by equations of the Lotka-Volterra type [13, 14] . Such equations are adequate for predator-prey relations between different species, whether one studies the simple co-existence of two species [13, 14] , or more complicated cases corresponding to high-dimensional dynamical systems, such as multiply connected food webs [15, 16] , or the inter-relations between different cells and pathogens inside biological organisms [17, 18] . However, the symbiotic relations are known to be principally different from the predator-prey relations [1] [2] [3] [4] [5] . Hence, they require another mathematical representation. To our knowledge, there is no general mathematical model describing symbiotic relations.
Our basic suggestion is to describe symbiotic relations by the mutual influence of the co-existing species on their respective carrying capacities. Indeed, in the presence of symbiotic relations, the species act on the livelihood of each other by creating resources that others exploit, by using resources created by others without feedbacks, or by destroying the livelihood in the case of parasitism. In mathematical language, the livelihood is nothing but the carrying capacity.
Let us consider several species, or system parts, quantified by their population number N i , with the index i enumerating the species. For instance, in biology, N i can be the number of individuals of the i-th species or, in finance, this can be the amount of money or, in economics, this could be the quantity of some goods. We start with the logistic-type equations
for the variables N i = N i (t) as functions of time t ≥ 0. Here γ i is the birth rate of the biological species i or the growth rate in economic systems. The coefficient C i characterizes the intensity of mutual competition between the agents of the i-th species. We will thus consider only the case where
The principal difference from the standard logistic equation is that the carrying capacity is here considered to be a function
of the quantities N i , in order to account for the co-existing symbiotic species. The first term A i is the carrying capacity of the given surrounding livelihood. The second term characterizes the carrying capacity produced by other species. We thus capture the typical feature of symbiotic relations via the mutual influence of each species on the carrying capacities of others. The symbiotic coefficient B i defines the intensity of producing, or destroying, the carrying capacity in the process of symbiotic relations. We refer to B i as the production coefficient, when B i is positive, or as the destruction coefficient, when B i is negative. Thence, we shall consider that
Since the nature of the mutual interactions is characterized by the sign of the symbiotic coefficient B i , the symbiosis function
describing the type of symbiotic relations, can be taken non-negative. The mathematical structure of Eq. (1) with (3), describing symbiosis, is principally different from equations of the Lotka-Volterra type and cannot be reduced to the latter. As we mentioned in the introduction, in biology and ecology, three main categories of symbiotic relations can be distinguished (mutualism, parasitism, and commensalism), depending on whether the influence of one species on another is positive, negative, or neutral [1] [2] [3] [4] [5] . This classification is straightforwardly linked to our model. Below, we explain this for the case of two species, when i = 1, 2, which will be treated in what follows.
Mutualism implies the relations in which both species extract some benefit from their relationship. In our model, this is equivalent to
Parasitism means that one of the species can benefit, while the other is harmed in the process. Generally, one can say that parasitism is the relation in which at least one of the species is harmed. This means that one of the following inequalities is valid: either
Commensalism is the relation in which one of the species benefits, while another is not affected. Hence, one of the following inequalities is satisfied: either
In addition to this classification, it is possible to distinguish different kinds of mutual interactions embodied in the form of the symbiosis function S i ({N i }) obeying inequality (5), which will be specified later. Before specifying this function S i ({N i }), it is convenient to introduce dimensionless units. For this purpose, we may choose two characteristic scales, N ef f and Z ef f , to serve as the measuring units for the species variables N 1 and N 2 , respectively. We thus define the dimensionless species characteristics
and the dimensionless carrying capacities
Let us measure time in units of 1/γ 1 and introduce the ratio
Then, for two symbiotic species, Eqs. (1) take the form
These equations, controlling the time evolution of the functions x = x(t) and z = z(t), must be complemented by the initial conditions
By definition, the quantities N i , measuring the amount of the corresponding species, are positive. Hence, we are interested only in the non-negative solutions of Eqs. (9):
We then need to specify the forms of the symbiosis functions S i ({N i }) obeying inequality (5) and, respectively, the forms of the carrying capacities (3). The forms of functions (5) can vary, depending on the kind of symbiotic relations between the considered species.
Classification of Forms of Symbiotic Relations
There can exist three main types of symbiotic relations.
A. Influencing Livelihood Through Mutual Interactions
A common case is when the symbiotic species influence the livelihood of each other by means of mutual interactions. Known biological examples are plant trees and mushrooms and many other plants and fungi [1] [2] [3] [4] [5] . In the social sciences, this could be the relationship between the economic level of a country and the intellectual level of society. Or this can be the relation between two firms, producing different kinds of goods in close collaboration with each other. Another example is the relation between basic and applied research [7] [8] [9] . The simplest form of the carrying capacities, representing livelihoods that are influenced by mutual interactions, can be written as
The first terms A 1 and A 2 define the given carrying capacities, which in dimensionless units are
The second terms characterize the produced carrying capacities, corresponding to the mutual influence of symbiotic species on the livelihood of each other. The dimensionless symbiotic coefficients are
The dimensionless carrying capacities (7) become
The given carrying capacities are taken positive,
which means that each of the two species can survive in the absence of the other one. The interaction coefficients b and g can be of any sign, depending on whether the relations are beneficial or parasitic. The scaling units N ef f and Z ef f can be chosen arbitrarily. It is convenient to choose them as
Then one has
and the symbiotic coefficients are
Therefore, the carrying capacities (15) become
B. Influencing Livelihood Through Asymmetric Interactions
Another possibility is when the interactions of symbiotic species are not symmetric, such that the carrying capacity of one of them is influenced by mutual interactions, while the carrying capacity of another is influenced solely by the other species, not involving their mutual interactions. This type of symbiosis is common to many biological as well as social systems, when one of them is a subsystem of a larger one. For example, the relation between the economic level of a country and the development level of a particular branch of economics, say between the country gross domestic product and the level of science; or the relation between culture and language; or the relation between the size of social groups and the size of brain [19, 20] . In that asymmetric case, the carrying capacities are
In dimensionless units, a 1 and a 2 have the same form as in Eq. (13) , while the symbiotic coefficients are
The carrying capacities (7) are given by the expressions
Opting for the scaling units (17) yields normalization (18) , with the symbiotic coefficients
Thus, the dimensionless carrying capacities (23) become
C. Influencing Livelihood Without Direct Interactions
This is probably the most common of biological and ecological symbiosis. Numerous examples can be found in the books [1] [2] [3] [4] [5] . In this case, the livelihood of each species is influenced by the presence of another species without involving their direct interactions. The carrying capacities are correspondingly given by
The terms A 1 and A 2 are the a priori given carrying capacities, in the absence of the other species. Their dimensionless forms are the same as in Eq. (13), but the symbiotic coefficients are
The dimensionless carrying capacities (7) take the forms
Choosing again the same scaling units (17) gives the same normalization (18), but with the symbiotic coefficients
This results in the dimensionless carrying capacities
Note that here, as well as in the previous cases, the symbiotic coefficients b and g can take different values, depending on the strength of the mutual influence between the symbiotic species. And these coefficients can be of different signs, describing either beneficial or parasitic relations. In the following sections, we give a detailed analysis of each type of symbiosis classified above.
Symbiosis With Mutual Interactions
We study the equations (9) , with the carrying capacities (20) , leading to the coupled system of two ordinary differential equations:
This system of equations is symmetric with respect to the change x → z and b → g. Three kinds of qualitatively different solutions are found for these equations, which we describe in turn.
A. Convergence to Stationary States
Formally, there are five fixed points for Eqs. (31). However, as expressed by Eq. (11), we are looking for non-negative solutions. For each of the non-negative solutions, we accomplish the Lyapunov stability analysis and select the stable solutions. Below, we present the expressions and the stability analysis only for the stable stationary solutions that are non-negative.
Equations (31) can possess a single stable fixed point given by the expressions
This point is stable in the stability region shown in Fig. 1 characterized by one of the conditions, either
On the boundaries of the stability region, we have
The solution to Eqs. (31) tends to the stationary point (32), provided that the symbiosis parameters b and g are in the stability region defined above, and when the initial conditions are in the attraction basin of this fixed point. For positive b and g, the attraction basin can be found only numerically while, if at least one of these parameters is negative, the attraction basin is characterized by one of the conditions, either
The approach to the stationary solution (32) can be either monotonic or non-monotonic, from above or from below, depending on the parameters b and g and on the initial conditions x 0 and z 0 . In Figs. 2, 3, and 4, the typical behavior of the solutions is shown for different parameters and initial conditions: when x 0 > x * and z 0 > z * (Fig. 2) , when x 0 > x * but z 0 < z * (Fig. 3) , and when x 0 < x * with z 0 < z * (Fig. 4) . The case when x 0 < x * but z 0 > z * is similar to the case when x 0 > x * but z 0 < z * , with changing x by z and b by g.
It is instructive to compare the behavior of the symbiotic solutions, described by the coupled Eqs. (31), with that of the solutions of the decoupled equations (b = g = 0)
The solutions for these non-symbiotic species tend to the stable fixed point x * = z * = 1. The comparison, explicitly showing the role of symbiosis, is demonstrated in Figs. 5 and 6. These two figures illustrate the general property that beneficial (respectively, parasitic) symbiosis leads to the increase (respectively, decrease) of the stationary solutions. Another important message is that stationary states can exist even in the presence of parasites.
B. Unbounded Exponential Growth
The solutions to the symbiotic equations (31) grow to infinity with increasing time t → ∞, when there are no stable fixed points, that is, when either
A similar exponential divergence at infinity occurs when the stable fixed points exist, but the initial conditions are taken outside of the attraction basin, so that either
The typical behavior of such increasing solutions is shown in Fig. 7 . When the initial conditions are outside of the attraction basin, this means that at least one of them is sufficiently large, that is, the initial population is so large that even the existence of parasites cannot suppress the development of this species.
C. Finite-Time Death and Singularity
A specific behavior occurs under parasitic symbiotic relations, when stable fixed points can exist, but the initial conditions are taken outside of the attraction basin, so that
Then, at the critical time t c , defined as the solution of the equation
the first variable x(t) sharply drops to zero, while the second one rises to infinity:
Here the overdot means time derivative. The behavior is inverted for the case when
for which the critical time is given as the solution of the equation
At this time, the first solution rises to infinity, while the second one quickly dies:
The situation corresponding to the case (46) is illustrated in Fig. 8 . The meaning of this phenomenon, when one of the species dies, while the other rises, is easily understandable. Under the mutually parasitic relations, each species destroys the livelihood of the other one. That species, whose livelihood is destroyed faster, dies out, while the other species grows at the expense of the former one.
Symbiosis With Asymmetric Interactions
If the symbiotic relations between species are characterized by asymmetric interactions with the carrying capacities (25), then Eqs. (9) take the form
The following qualitatively different dynamic regimes can occur.
A. Convergence to Stationary States
There can exist just one stable fixed point, given by
Let us introduce the critical parameter value
The fixed point (53) is stable and non-negative if either
The overall region of stability is depicted in Fig. 9 .
The marginal values of the fixed point, occurring at the boundary of the stability region, are
if g = g c , and
if g = g c and either b < −1 or 0 < b < 1.
The solutions tend to the fixed point, provided that the related initial conditions are in the basin of attraction. When one of the symbiotic coefficients is negative, the basin of attraction is defined so that either
The convergence to the stationary state can be monotonic or non-monotonic, as illustrated in Figs. 10 and 11 for various initial conditions and different symbiotic coefficients. The convergence of solutions to the stable fixed point is qualitatively similar to that documented in the case of symmetric interactions.
B. Exponential Growth at Infinity
Another regime that is similar to that found for symmetric interactions is the exponential growth at increasing time t → ∞. This happens when there are no stable fixed points and either
with the critical parameter g c given in Eq. (54). The same kind of exponential growth arises when there exist stable fixed points, but the initial conditions are outside of their basin of attraction, which occurs for
or when
The temporal behavior is qualitatively similar to that of Fig. 7 .
Finite-Time Singularity
A different regime occurs when the parameter g is negative, and no stable fixed point exists, which occurs when
When the initial conditions obey the inequalities
or the inequalities
then the solutions live only a finite life until the critical time t c . The value of this critical point can only be determined numerically. As time approaches t c , the first variable remains finite, while the second one diverges:
The main difference with the case of Eq. (48) is the finiteness of the solution x(t c ) at the critical time. The typical behavior of the two variables in this regime is shown in Fig. 12 .
The explosive divergence of one of the species announces a change of regime: beyond t c , the system of two species will change their characteristics and the nature of their interactions. The same kind of behavior also happens when the stable fixed points exist for b and negative g in the region
but initial conditions are taken outside of the basin of attraction, so that x 0 , z 0 are defined by Eqs. (71) or (72), correspondingly.
D. Finite-Time Death
An interesting behavior appears for some parameters, in particular, when the parameter g is negative, so that no stable fixed points exist or when fixed points exist but the initial conditions are outside their domain of attraction. For g < 0, when the symbiosis coefficients are taken outside of the stability region presented in Fig. 9 , and initial conditions obey the following inequalities, either
then the solutions have a finite life and one of the species dies or exhibits a gradient catastrophe at the death time t d (see below) found as the solution of the equation
at which eitherż(t) = −∞ orẋ(t) = −∞ for t → t d . When the parameters are taken outside of the stability region and the initial conditions obey inequalities (74) or (75), then
When the initial conditions obey inequality (76), then
while, when the initial conditions satisfy inequality (77), then
In the cases (74) and (75), the solutions (79) remain non-zero at t → t d , but the time derivative of z(t) tends to −∞. Such a behavior corresponds to the so-called gradient catastrophe. The value z(t d ) is close to zero, as shown in Fig. 13 . This kind of behavior can be interpreted as the extinction of the species described by the variable z(t). Therefore, after t d , we can set
Then the continuation of the evolution of the population x(t) after t d is characterized by the single equationẋ = x − x 2 . The death of the species z(t) is due to the large negative symbiosis coefficient g, which leads the species x to suppress the population z of the other species, until its complete demise occurring at the time t d .
A behavior similar to that, described by Eqs. (80) and (81), occurs for g < 0, when the symbiosis coefficients are in the stability region, but the initial conditions obey inequalities (76) or (77).
When {x 0 , z 0 } obey Eq. (76), then again there is a death time t d , given by the same Eq. (78). Here z(t d ) is not necessarily close to zero, but it experiences the same gradient catastrophe as in Eq. (79). Contrary to the case of Eq. (79), the derivativeẋ(t) tends to +∞. Strictly speaking, the coupled system of Eqs. (52) has no solution after the time t d . However, we can again interpret the gradient catastrophe, withż(t) → −∞ as the death of the species z(t), extending the solution x after t d using condition (82), as is shown in Fig. 14.
In the case when the initial conditions obey Eq. (77), the evolution also ends at the death time t d , defined by the same Eq. (78). At this point, conditions (81) hold true. The difference with the case of Eqs. (80) is that here the gradient catastrophe happens witḣ x(t) → −∞ whileż(t) → +∞ for t → t d . Hence, interpreting t d as the time of extinction of the species z that are killed by the species x, the subsequent evolution of the dynamics after t d is obtained by setting
The overall behavior is presented in Fig. 15 . Comparing Figs. 14 and 15, we see that the dynamics essentially depends on the initial conditions.
Symbiosis Without Direct Interactions
When symbiosis is characterized by the influence of species on the livelihood of each other without direct mutual interactions, the corresponding carrying capacities are given by Eqs.
(30). Then, the symbiotic Eqs. (9) take the form
These equations are symmetric with respect to the replacement b → g and x → z. The different possible regimes exhibited by Eqs. (84) are described as follows.
A. Convergence to Stationary States
There can exist the single stable fixed point
which is positive and stable if either
The corresponding stability region is shown in Fig. 16 . On the boundary of the stability region, the fixed point degenerates to one of the values
For b > 0 and g > 0, the basin of attraction is the whole region in the b − g plane, where inequalities (87) are valid. When one of the parameters b or g is negative, or both are negative, then the attraction basin is defined by one of the following conditions, either
The convergence to the stationary solution can be monotonic or non-monotonic, depending on the symbiosis parameters and initial conditions, similarly to Figs. 2, 3, 4, and 10, 11.
B. Exponential Growth at Infinity
This behavior, which is analogous to that displayed in Fig. 7 , occurs when
Then, both solutions x(t) and z(t) exponentially increase as t → ∞.
C. Finite-Time Singularity
When one or both of the symbiosis parameters are negative, implying parasitic symbiotic relations, a finite-time singularity can occur. For the initial conditions
there exists a critical time t c , such that
This behavior is similar to that shown in Fig. 12 . Because of the equation symmetry, there is the opposite case, occurring for
If both symbiosis parameters are negative, and
there exists a finite-time singularity of the same type as above, with the particular behavior depending on the parameter values and initial conditions.
D. Finite-Time Death
The occurrence of a gradient catastrophe, of the type described previously in Sec. 5, depends on the values of the symbiotic parameters and initial conditions. If the symbiotic parameters are outside of the stability region and the initial conditions are such that
then there exists a finite time t d , determined as the solution of the equation
The gradient catastrophe occurs for the species z, whose gradient tends to −∞. This can be interpreted as an abrupt collapse of z to 0 and thus as the extinction of this species. The continuation of the solution x is then obtained by setting z ≡ 0 for t > t d . The extinction of the species z is caused by the strong parasitic action of the species x onto species z, represented by the negative value of the symbiotic parameter g. Under the condition
the role of x and z is interchanged and the finite-time extinction is observed for the species x. At the finite time t d , given as the solution of the equation
we have
Again, interpreting the gradient catastrophe for x as its extinction, the continuation of the solution for z is obtained by setting x ≡ 0 for t > t d . The extinction of the species x is caused by the strong parasitic action of z on x, due to the negative symbiotic parameter b.
The gradient catastrophe can occur even when the symbiotic parameters are inside the stability region, but with initial conditions that are outside of the basin of attraction. Thus, if
then there exists a finite time t d , given as the solution of the equations
at which
Again, here the gradient catastrophe for z can be understood as its extinction. Conversely, when the initial conditions are such that
then there is the finite time t d , given by the same Eqs. (105), when
This can be interpreted as the extinction of the species x, after which it can be set zero for t > t d . The overall behavior is presented in Fig. 17 .
Conclusion
We have proposed a general approach to describe the dynamics of symbiotic relations between several species. We have argued that the notion of symbiosis can be applied not merely to biological systems but can also be generalized to social systems of different nature. The principal point of our approach is the description of symbiosis through the influence of each species on the carrying capacities of the others. This is in agreement with the common understanding that symbiotic species act on the livelihood of each other, either improving it, under beneficial relations, or destroying it, under parasitic relations.
The general symbiotic model can be represented by several variants characterizing different types of symbiotic relations. We have considered three basic types of such relations, symbiosis with mutual interactions, symbiosis with asymmetric interactions, and symbiosis without direct interactions. In all cases, we have provided a complete classification of all admissible dynamical regimes.
The functional dependence of the carrying capacities on the species variables x and z constitutes the principal difference between our model and the logistic equation, where the carrying capacity is fixed. We have chosen here the simplest functional form of the carrying capacity characterizing symbiotic interactions. The carrying capacity has been taken as a combination of terms not exceeding the bilinear order in terms of the species variables. In general, it would be possible to describe the carrying capacity as an expansion in increasing powers of x and z. Then, we could use an effective summation of the expansion, obtaining a more complicated expression, e.g., in the form of the self-similar exponentials, as has been done for the model describing the dynamics of a nonequilibrium financial system [21] . Another modification could be by including the effects of delays into the carrying capacity, as has been done for the model of punctuated evolution [22] .
Even in its simplest form, the proposed model of symbiosis turned out to be sufficiently rich, exhibiting four qualitatively different regimes: convergence to stationary states, unbounded exponential growth, finite-time singularity, and finite-time death or extinction of species. The characteristics of real systems, of course, cannot diverge. Therefore, the occurrence of finite-time singularities should be understood as the manifestation of an instability developing in the system, which signals a change of regime into a new structural phase described by different mechanisms and thus different equations [23] . In some cases, the singularity can be avoided by slightly modifying the model, e.g, by taking into account higher order powers of the variables x and z. Such higher orders can remove the finite-time singularity [21] . In any case, when a finite-time singularity does happen, this can be understood as the signal that the system behavior is drastically changing at this point, somewhat similar to the changes occurring under phase transitions [24, 25] .
The suggested model of symbiosis can be applied to a variety of systems, biological, social, economic, financial, and so on. We have just mentioned some of the possible applications. The main goal of the present paper has been to advance a general parsimonious model of symbiosis and to analyze its main dynamical regimes. Here, we limit ourselves by the mathematical side of the problem. Particular applications require separate investigations and will be studied in future publications. 
